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POINTS ON POLYNOMIAL CURVES IN SMALL
BOXES MODULO AN INTEGER
BRYCE KERR AND ALI MOHAMMADI
Abstract. Given an integer q and a polynomial f ∈ Zq[X ] of
degree d with coefficients in the residue ring Zq = Z/qZ, we obtain
new results concerning the number of solutions to congruences of
the form
y ≡ f(x) (mod q),
with integer variables lying in some cube B of side length H . Our
argument uses ideas of Cilleruelo, Garaev, Ostafe and Shparlinski
which reduces the problem to the Vinogradov mean value theorem
and a lattice point counting problem. We treat the lattice point
problem differently using transference principles from the Geom-
etry of Numbers. We also use a variant of the main conjecture
for the Vinogradov mean value theorem of Bourgain, Demeter and
Guth and of Wooley which allows one to deal with rather sparse
sets.
1. Introduction
Given an integer q and a polynomial f ∈ Zq[X ] of degree d with
coefficients in the residue ring Zq = Z/qZ, we consider the problem of
estimating the number of solutions to congruences of the form
y ≡ f(x) (mod q),(1)
with integer variables
(x, y) ∈ (K,K +H ]× (L, L+H ],
lying in some cube of side length H . This problem and its variants have
been considered by a number of previous authors, see for example [8,
9, 10, 11, 12, 13, 14, 18, 19]. A common strategy for dealing with such
equations is to lift (1) to a polynomial equation over Z to which one
may apply the following result of Bombieri and Pila [2].
Theorem 1. Let C be an absolutely irreducible curve of degree d > 2
and suppose H > ed
6
. The number of integral points on C and inside a
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square [1, H ]× [1, H ] is bounded by
O
(
H1/d exp (12(logH log logH)1/2)
)
.
To see how one may lift the equation (1) to an equation over Z, we
first note that by shifting variables and modifying the coefficients of f
we may assume K = L = 0. Now, suppose f is given by
f(x) = a0 + a1x+ · · ·+ adx
d,
with leading coefficient satisfying (ad, q) = 1. We define the lattice
L = {(z, w1, . . . , wd) ∈ Z
d+1 :
∃ n ∈ Z such that n ≡ z (mod q), ain ≡ wi (mod q)},
and the convex body
D =
{
(z, w1, . . . , wd) ∈ Z
d+1 : |z| 6
q
H
, |wi| 6
q
H i
}
.
By Minkowski’s first theorem, D contains a non-zero lattice point of L
provided
(2) Vol(D) > 2d+1Vol
(
R
d+1/L
)
.
Since
Vol(Rd+1/L) = qd,
and
Vol(D) =
2d+1qd+1
H(d2+d+2)/2
,
we see that (2) is satisfied provided
H 6 q2/(d
2+d+2).(3)
Suppose H satisfies (3), let (z, w1, . . . , wd) be a nonzero lattice point
of L ∩D and suppose n is defined by
n ≡ z (mod q), ain ≡ wi (mod q).
If w0 denotes the smallest residue of a0n (mod q) then the congruence
y ≡ f(x) (mod q),
is equivalent to
zy ≡ w0 + w1x+ · · ·+ wdx
d (mod q),
and hence each point satisfying (1) must also satisfy
zy = w0 + w1x+ · · ·+ wdx
d + tq,
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for some t ∈ Z. Since (ad, q) = 1 we have wd 6= 0. From (z, w1, . . . , wd) ∈
D we see that there are O(1) possible values for t when the variables
x, y satisfy
1 6 x 6 H and 1 6 y 6 H,
and for each such value of t we apply Theorem 1. This results in the
following.
Theorem 2. Let q be an integer, f ∈ Zq[X ] a polynomial of degree
d > 2 with leading coefficient coprime to q and suppose B is a cube of
side length H. If
H 6 q2/(d
2+d+2),
then
|{(x, y) ∈ B : y ≡ f(x) (mod q)}| 6 H1/d+o(1).
In this paper we consider the problem of determining the largest
number α depending only on d such that for all integers q and poly-
nomials f ∈ Zq[X ] of degree d with leading coefficient coprime to q we
have the following estimate
|{(x, y) ∈ B : y ≡ f(x) (mod q)}| 6 H1/d+o(1),(4)
uniformly over all cubes B of side length H 6 qα. When q is prime, im-
provements on Theorem 2 are known. For example, Cilleruelo, Garaev,
Ostafe and Shparlinski [13, Theorem 3] have shown that (4) holds pro-
vided
H 6 q2/(d
2+3).
We obtain new results concerning estimates for the number of solu-
tions to equations of the form (1). In particular, we improve on the
above result of Cilleruelo, Garaev, Ostafe and Shparlinski [13, Theo-
rem 3] and some results of Chang, Cilleruelo, Garaev, Hernndez, Sh-
parlinski and Zumalaca´rregui [10, Corollary 3]. Our argument uses
ideas from [10] and [13] which reduces the problem of bounding the
number of solutions to (1) to the Vinogradov mean value theorem and
a problem concerning the number of lattice points in the intersection
of a convex body. We treat the lattice point problem differently us-
ing transference principles from the Geometry of Numbers. We also
use some recent progress concerning the main conjecture for the Vino-
gradov mean value theorem first obtained by Bourgain, Demeter and
Guth [4] and shortly after by Wooley [17] which allows one to deal
with solutions to the Vinogradov mean value theorem when the vari-
ables belong to rather sparse sets, see Lemma 8 below.
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Finally, we mention techniques from the geometry of numbers have
found applications to a wide range of other problems concerning equa-
tions in finite fields and residue rings to which we refer the reader
to [3, 5, 6, 7, 15].
2. Main results
Our first result improves on a bound of Cilleruelo, Garaev, Ostafe
and Shparlinski [13, Theorem 3].
Theorem 3. Let q be an arbitrary integer, f ∈ Zq[X ] a polynomial
of degree d > 2 with leading coefficient ad satisfying (ad, q) = 1 and
suppose B is a cube of side length H. We have
|{(x, y) ∈ B : y ≡ f(x) (mod q)}| 6
H1+2/d(d+1)+o(1)
q2/d(d+1)
+H1/d+o(1).
In particular, if
H 6 q2/(d
2+1),
then
|{(x, y) ∈ B : y ≡ f(x) (mod q)}| 6 H1/d+o(1).(5)
For comparison with Theorem 3 we note that [13, Theorem 3] gives
the bound (5) in the shorter range H 6 q2/(d
2+3).
Our second result improves on some results of [10].
Theorem 4. Let q be an arbitrary integer, f ∈ Zq[X ] of degree d = 3
and leading coefficient a3 satisfying (a3, q) = 1 and B a cube of side
length H. Then we have
|{(x, y) ∈ B : y2 ≡ f(x) (mod q)}| 6
H3/2
q1/6
+H1/3+o(1).
In particular if H 6 q1/7 then
|{(x, y) ∈ B : y2 ≡ f(x) (mod q)}| 6 H1/3+o(1).
For comparison with Theorem 4, we note that, for a prime p, the
bounds of [10, Theorem 1] and [10, Theorem 2] imply that
|{(x, y) ∈ B : y2 ≡ f(x) (mod p)}| 6

H1/3+o(1), if H < p1/8,(
H4
p
)1/6
H1+o(1), if p1/8 6 H < p5/23,(
H3
p
)1/16
H1+o(1), if p5/23 6 H < p1/3.
(6)
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We remark that one may incorporate Lemma 9, with (k, s) = (3, 6)
instead of [10, Lemma 13], into the proof of [10, Theorem 2], to obtain
the estimate
(7)
|{(x, y) ∈ B : y2 ≡ f(x) (mod p)}| 6 H1/3+o(1) +
(
H3
p
)1/12
H1+o(1).
This improves on the bound (6) in the range p1/5 6 H < p1/3 and
appears to be the best bound possible through the arguments of [10,
Theorem 2]. We see that Theorem 4 improves on the bounds (6) and
(7) in the range p1/8 6 H < p1/3.
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3. Preliminary results
We first recall some facts from the geometry of numbers. Given a
lattice Γ ⊂ Rn and a symmetric convex body D ⊂ Rn we define the
i-th successive minimum of Γ with respect to D by
λi = inf{λ : Γ ∩ λD contains i linearly independent points}.
We define the dual lattice Γ∗ by
Γ∗ = {y ∈ Rn : 〈y, z〉 ∈ Z for all z ∈ Γ},
and the dual body D∗ by
D∗ = {y ∈ Rn : 〈y, z〉 6 1 for all z ∈ D},
where 〈., .〉 denotes the Euclidean inner product. The following is
Minkowski’s second theorem, for a proof see [16, Theorem 3.30].
Lemma 5. Let Γ ⊂ Rn be a lattice, D ⊂ Rn a symmetric convex body
and let λ1, . . . , λn denote the successive minima of Γ with respect to D.
We have
Vol(D)
Vol(Rn/Γ)
≪
1
λ1 . . . λn
≪
Vol(D)
Vol(Rn/Γ)
.
We may bound the number of lattice points |Γ ∩D| in terms of the
successive minima, see for example [16, Exercise 3.5.6].
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Lemma 6. Let Γ ⊂ Rn be a lattice, D ⊂ Rn a symmetric convex body
and let λ1, . . . , λn denote the successive minima of Γ with respect to D.
We have
|Γ ∩D| ≪
n∏
j=1
max
(
1,
1
λj
)
.
The successive minima of a lattice with respect to a convex body
and the successive minima of the dual lattice with respect to the dual
body are related through the following estimates, see for example [1].
Lemma 7. Let Γ ⊂ Rn be a lattice, D ⊂ Rn a symmetric convex body
and let λ1, . . . , λn denote the successive minima of Γ with respect to D.
Let Γ∗ denote the dual lattice, D∗ the dual body and let λ∗1, . . . , λ
∗
n denote
the successive minima of Γ∗ with respect to D∗. For each 1 6 j 6 n
we have
λjλ
∗
n−j+1 ≪ 1.
The following is a consequence of results of Bourgain, Demeter and
Guth [4, Theorem 4.1] and of Wooley [17, Theorem 1.1].
Lemma 8. Let k be an integer, s a positive real number with s 6
k(k + 1)/2 and (an)n∈Z a sequence of complex numbers. We have
∫
[0,1)k
∣∣∣∣∣∣
∑
|n|6X
ane(α1n+ · · ·+ αkn
k)
∣∣∣∣∣∣
2s
dα≪ Xo(1)

∑
|n|6X
|an|
2


s
.
The following is an immediate corollary of Lemma 8.
Lemma 9. Let X ⊂ [1, X ] ∩ Z be some set. For integers k and s we
let Jk,s(X ) denote the number of solutions to the system of equations
xj1 + · · ·+ x
j
s = x
j
s+1 + · · ·+ x
j
2s, 1 6 j 6 k,
with variables satisfying
x1, . . . , x2s ∈ X .
For s 6 k(k + 1)/2 we have
Jk,s(X )≪ |X |
sXo(1).
4. Proof of Theorem 3
Supposing the cube B is given by
B = (K,K +H ]× (L, L+H ],
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we may assume K,L = 0 by applying shifts x → x − K, y → y − L
and modifying the coefficients of f . Hence writing
f(x) = a0 + a1x+ · · ·+ adx
d,(8)
and letting N denote the number of solutions to the congruence
y ≡ f(x) (mod q),(9)
with
1 6 x 6 H, 1 6 y 6 H,(10)
it is sufficient to show that
N 6
H1+2/d(d+1)+o(1)
q2/d(d+1)
+H1/d+o(1).
We define the lattice
L = {(z, w1, . . . , wd) ∈ Z
d+1 : z + a1w1 + · · ·+ adwd ≡ 0 (mod q)},
(11)
the convex body
D ={(h0, . . . , hd) ∈ R
d+1 :
|h0| 6 dH and |hi| 6 dH
i for 1 6 i 6 d},
(12)
and let λ1, . . . , λd+1 denote the successive minima of L with respect to
D. We distinguish two cases depending on whether λd+1 < 1 or not.
We first consider when
λd+1 < 1.(13)
Let
s =
d(d+ 1)
2
,
and suppose (x1, y1), . . . , (x2s, y2s) are 2s solutions to (9) satisfying (10).
We have
z ≡ f(x1) + · · ·+ f(xs)− f(xs+1)− · · · − f(x2s) (mod q),(14)
for some |z| 6 sH. We define the set X by
X =
{1 6 x 6 H : there exists 1 6 y 6 H such that y ≡ f(x) (mod q)},
so that
|X | = N.(15)
Let J(w1, . . . , wd) denote the number of solutions to the system of
equations
xj1 + · · ·+ x
j
s − x
j
d+1 − · · · − x
j
2s ≡ wj (mod q), 1 6 j 6 d,(16)
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with variables satisfying
x1, . . . , x2s ∈ X ,
and when
w1 = · · · = wd = 0,
we write
J(0, . . . , 0) = J.
The equation (14) implies that
N2s 6
∑
|z|6sH
∑
|wi|6sH
i
z≡a1w1+···+adwd (mod q)
J(w1, . . . , wd),
and since
J(w1, . . . , wd)
=
∫
(0,1]d
∣∣∣∣∣
∑
x∈X
e2pii(α1x+···+αdx
d)
∣∣∣∣∣
2d
e−2pii(α1w1+···+αdwd)dα1 . . . dαd
6
∫
(0,1]d
∣∣∣∣∣
∑
x∈X
e2pii(α1x+···+αdx
d)
∣∣∣∣∣
2d
dα1 . . . dαd = J,
the above gives
N2s 6

 ∑
|z|6dH
∑
|wi|6dH
i
z≡a1w1+···+adwd (mod q)

 J 6 |L ∩D|J,(17)
where L and D are given by (11) and (12). We recall that J denotes
the number of solutions to the system
xj1 + · · ·+ x
j
s = x
j
d+1 + · · ·+ x
j
2s, 1 6 j 6 d,
with
x1, . . . , x2s ∈ X .
By Lemma 9 we have
J ≪ |X |sHo(1) = Ho(1)N s,
which by (17) implies that
N s ≪ |L ∩D|Ho(1).(18)
Combining the assumption (13) with Lemma 5 and Lemma 6 gives
|L ∩D| ≪
1
λ1 . . . λd+1
≪
Vol(D)
Vol(Rd+1/L)
.
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Since
Vol(D)≪ H(d
2+d+2)/2 and Vol(Rd+1/L) = q,
we see that
|L ∩D| ≪
H(d
2+d+2)/2
q
,
and hence by (18)
N ≪ Ho(1)
(
H(d
2+d+2)/2
q
)1/s
=
H1+2/d(d+1)+o(1)
q2/d(d+1)
.(19)
Consider next when
λd+1 > 1.(20)
The dual lattice L∗ and the dual body D∗ are given by
L∗ =
1
q
{(z, w1, . . . , wd) ∈ Z
5 :
∃ n ∈ Z such that n ≡ z (mod q), ain ≡ wi (mod q)},
and
D∗ = {(h0, h1, . . . , hd) ∈ R
5 : sH|h0|+
d∑
i=1
sH i|hi| 6 1}.
If λ∗1 denotes the first successive minimum of L
∗ with respect to D∗
then by (20) and Lemma 7 there exists some constant c depending only
on d such that
λ∗1 6 c.
This implies that
L∗ ∩ cD∗ 6= ∅,
and hence there exist z, w1, . . . , wd, n ∈ Z such that
n ≡ z (mod q), ain ≡ wi (mod q),(21)
and
|z| ≪
q
H
, |wi| ≪
q
H i
.(22)
We note that since (ad, q) = 1 we have wd 6= 0. Supposing (x, y) is a
solution to (9) and recalling (8), we have
ny ≡ a0n+ a1nx+ · · ·+ adnx
d (mod q),
so that writing w0 for the least residue of a0n (mod q), an application
of (21) gives
w0 + w1x+ · · ·+ wdx
d − zy = tq,
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for some t ∈ Z. By (22), the number of possible values for t is O(1)
and for each such value of t we apply Theorem 1. This gives
N 6 H1/d+o(1),(23)
and the result follows by combining (19) and (23).
5. Proof of Theorem 4
Applying shifts as in the proof of Theorem 3, it suffices to estimate
the number of solutions to a congruence of the form
(24) y2 − c0y ≡ a3x
3 + a2x
2 + a1x+ a0 (mod q), 1 6 x, y 6 H,
where (a3, q) = 1. Let N denote the number of solutions to the con-
gruence (24) and let X denote the set of x for which (x, y) satisfies (24)
for some 1 6 y 6 H , so that
(25) N 6 2|X |.
For j = 1, 2, 3 we define the intervals
Ij = [−6H
j , 6Hj], j = 1, 2, 3,
and consider the set
S ⊆ I1 × I2 × I3,
of all triples
(26) x = (x1 + . . .+ x6, x
2
1 + . . .+ x
2
6, x
3
1 + . . .+ x
3
6),
such that xi ∈ X . For each x we let I(x) count the number of solutions
to the equation (26) with variables x1, . . . , x6 ∈ X . Thus∑
x∈S
I(x) = |X |6,
and ∑
x∈S
I(x)2,
is bounded by the number of solutions to the system of equations
(27) xj1 + . . .+ x
j
6 ≡ x
j
7 + . . .+ x
j
12, j = 1, 2, 3,
with variables
x1, . . . , x12 ∈ X .
By Lemma 9 ∑
x∈S
I(x)2 6 Ho(1)|X |6,
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and by the Cauchy-Schwarz inequality, we have
∑
x∈S
I(x) 6
(
|S|
∑
x∈S
I(x)2
)1/2
,
which implies that
|S| > |X |6Ho(1).
Hence, there exist at least |X |6Ho(1) triples
(x1, x2, x3) ∈ I1 × I2 × I3,
such that
a3x3 + a2x2 + a1x1 ≡ y2 − c0y1 (mod q),
for some y2 ∈ I2 and y1 ∈ I1. In particular, we have that the congruence
a1x1 + a2x2 + a3x3 + c0y1 + y2 ≡ 0 (mod q),
(x1, x2, x3, y1, y2) ∈ I1 × I2 × I3 × I1 × I2,
has a set of solutions S with
(28) |S| > |X |6Ho(1).
We define the lattice
L = {(x1, x2, x3, y1, y2) ∈ Z
5 :
a1x1 + a2x2 + a3x3 + c0y1 + y2 ≡ 0 (mod q)},
and the body
D ={(x1, x2, x3, y1, y2) ∈ R
5 :
|x1|, |y1| 6 6H, |x2|, |y2| 6 6H
2, |x3| 6 6H
3}.
It follows from (28) that
|X |6 ≪ |Γ ∩D|Ho(1).(29)
Let λi denote the i-th successive minimum of L with respect to D. We
consider two cases depending on whether λ5 6 1 or not. Suppose first
that λ5 6 1. By Lemma 5 and Lemma 6
|Γ ∩D| ≪
H9
q
,
and hence by (29)
|X | 6
H3/2+o(1)
q1/6
,(30)
and the result follows from (25). Suppose next that
λ5 > 1.(31)
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The dual lattice L∗ and dual body D∗ are given by
L∗ =
1
q
{(w1, w2, w3, z1, z2) ∈ Z
5 :
∃ n ∈ Z such that wi ≡ ain (mod q), i = 1, 2, 3,
z1 ≡ c0n (mod q), and z2 ≡ n (mod q)}.
and
D∗ = {(w1, w2, w3, z1, z2) :
3∑
i=1
6H i|wi|+ 6H|z1|+ 6H
2|z2| 6 1}.
If λ∗1 denotes the first successive minimum of L
∗ with respect to D∗,
by Lemma 7 we have
λ5λ
∗
1 ≪ 1,
and hence by (31)
λ∗1 ≪ 1.
This implies that there exists some integer n satisfying
n≪
q
H2
,(32)
and
ain ≡ wi (mod q), i = 1, 2, 3 and c0n ≡ z1 (mod q),
for some w1, w2, w3 and z1 satisfying
wi ≪
q
H i
, i = 1, 2, 3, z1 ≪
q
H
.(33)
For any solution (x, y) to (24) we have
ny2 − z1y = w3x
3 + w2x
2 + w1x+ qt,
for some t ∈ Z. By (32) and (33) there are O(1) possible values of t
and for each such value of t we apply Theorem 1. This implies that
the number of solutions to the congruence (24) is bounded by
N 6 H1/3+o(1),
and the result follows combining the above with (25) and (30).
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